Abstract. Let M be a closed symplectic manifold of dimension 2n with non-ellipticity. We can define an almost Kähler structure on M by using the given symplectic form. Using Darboux coordinate charts, we deform the given almost Kähler structure on the universal covering of M to obtain a Lipschitz Kähler structure on the universal covering of M which is homotopy equivalent to the given almost Kähler structure. Analogous to Teleman's L 2 -Hodge decomposition on PL manifolds or Lipschitz Riemannian manifolds, we give a L 2 -Hodge decomposition theorem on the universal covering of M with respect to the Lipschitz Kähler metric. Using an argument of Gromov, we give a vanishing theorem for L 2 harmonic p-forms, p = n (resp. a non-vanishing theorem for L 2 harmonic n-forms) on the universal covering of M , then its signed Euler characteristic satisfies (−1)
Introduction
In Kähler geometry, M. Gromov [34] considered Kähler hyperbolicity; N. Hitchin [37] , J. Jost and K. Zuo [38] , J. Cao and F. Xavier [9] , B. L. Chen and X. K. Yang [17] considered Kähler parabolicity. Similarly, Tan, Wang and Zhou [54] consider symplectic parabolicity whose underlying manifolds satisfy hard Lefshetz condition.
Let (M, ω) be a closed symplectic manifold. Let J be an ω-compatible almost complex structure, i.e., J 2 = −id, ω(J·, J·) = ω(·, ·), and g(·, ·) = ω(·, J·) is a Riemannian metric on M . The triple (ω, J, g) is called an almost Kähler structure on M . Notice that any one of the pairs (ω, J), (J, g) or (g, ω) determines the other two. An almost-Kähler metric (ω, J, g) is Kähler if and only if J is integrable. We have the following definition (cf. CaoXavier [9] , Jost-Zuo [38] or Tan-Wang-Zhou [54] ): • If M 2n is homotopy equivalent to a closed Riemannian manifold with negative sectional curvature and having convex boundary (if any), then M 2n is Kähler (symplectically) hyperbolic provided it admits some Kähler (symplectic) structure [34] .
• If M 2n is a closed Kähler (symplectic) manifold such that π 1 (M 2n ) is word-hyperbolic in the sense of Gromov [33] and π 2 (M 2n ) = 0, then M 2n is Kähler (symplectically) hyperbolic.
• Let M 2n be a closed Riemannian manifold with Anosov geodesic flow. If M 2n is homotopy equivalent to a closed Kähler (symplectic) manifold, then M 2n is Kähler (symplectically) hyperbolic [18] .
• Let M 2n be a closed Riemannian manifold of non-positive curvature.
If M 2n is homeomorphic to a Kähler (symplectic) manifold, then M 2n is Kähler (symplectically) parabolic [9, 38] .
• The nilmanifolds in [60, Chapter 2] , are aspherical and symplectically parabolic with no hard Lefschetz property.
• A closed Kähler manifold (M 2n , ω) with π 1 (M ) being CAT(0) or automatic, then M 2n is Kähler parabolic [17] .
It is clear that for any non-elliptically symplectic manifold M , (that is, symplectically hyperbolic or parabolic), the fundamental group of M , π 1 (M ), is infinite.
The space of spherical classes [32] , Π(M ) ⊂ H 2 (M ; Z), is defined by the image of the Hurewicz homomorphism H : π 2 (M ) → H 2 (M ; Z). Note that if f : S 2 → M , then there is induced f * : H 2 (S 2 Recall the definition of aspherical manifolds (cf. [22, 41] ): Definition 1.4. A manifold is called aspherical if it is connected, and its universal covering is contractible. Remark 1.5. (1) R. Gompf [30] pointed out that symplectically aspherical manifolds may not be aspherical.
(2) M. W. Davis [22] used the fundamental group at infinity to get the following results:
In each dimension n ≥ 4, there are closed, aspherical manifolds M n with universal coveringM n not homeomorphic to the Euclidean space R n . Conjecture 1.6 (Chern-Hopf conjecture, cf. [19] or [22, 41, 64] ). If M 2n is an aspherical closed manifold of dimension 2n, then
If M 2n is a closed Riemannian manifold with sectional curvature sec(M ), then (−1) n χ(M 2n ) > 0 (or < 0), if sec(M 2n ) < 0 (or > 0);
In original version of the Chern-Hopf conjecture the statement for aspherical manifolds did not appear. Notice that any Riemannian manifold with nonpositive sectional curvature is aspherical by Cartan-Hadamard theorem (cf. [4, 11] ). The Chern-Hopf conjecture holds true in two dimensions by the Gauss-Bonnet formula immediately. In four dimensions, one can still check that positive (resp. negative) sectional curvature implies that the Gauss-Bonnet-Chern integrand is pointwise positive (by Milnor [43] or Chern [19] ). However, in higher dimensions, it is known that the sign of the sectional curvature does not determine the sign of the Gauss-BonnetChern integrand, see Geroch [29] . M. Gromov gave a positive answer to the Chern-Hopf conjecture when the metric is Kähler [34] . R. Charney and M. Davis [10] investigated the conjecture in the context of piecewise Euclidean manifolds having "nonpositive curvature" in the sense of Gromov's CAT(0) inequality (cf. [17, 23, 33] ).
In this paper, we have the following similar result (cf. [34, main theorem] ).
Theorem 1.7.
(1) If (M 2n , ω) is a 2n-dimensional closed symplectically hyperbolic manifold, then
Remark 1.8. It is easy to see that every closed non-elliptically symplectic manifold is symplectically aspherical. It is natural to ask whether symplectically aspherical manifolds are always non-elliptically symplectic.
As an application of Theorem 1.7, we have the following theorem.
) is a 2n-dimensional closed Riemannian manifold with strictly negative sectional curvature, then
) is a 2n-dimensional closed Riemannian manifold with nonpositive sectional curvature, then 
The remainder of the paper is organized as follows. In Section 2, we will introduce L 2 -Hodge theory on the universal covering of M with respect to the Lipschitz Kähler metric. In Section 3, we prove the vanishing theorem of L 2 -Betti numbers of symplectically parabolic manifolds. In Section 4, we will investigate the non-vanishing theorem for L 2 -cohomology on symplectically hyperbolic manifolds.
L 2 -Hodge theory
Let us recall some definitions and results of Hodge theory (cf. [11, 31] ). Let (M n , g) be a closed, n-dimensional Riemannian manifold. The Hodge star operator
Let d * denote the adjoint operator of the differential operator d with respect to g. It is a basic result that
T. Aubin [4] ). The Hodge Laplacian operator is given by
. It is well known that α is harmonic if and only if dα = 0 and d * α = 0 that is called (d, d * )-harmonic. By the theory of elliptic operators, we know that the kernel of ∆ g is finite dimensional, and the Hodge theory tells us that every cohomology class has a unique harmonic representative (cf. [11] ).
Let (M 2n , ω) be a closed, 2n-dimensional symplectic manifold with infinite fundamental group π 1 (M 2n ). Let J be an ω-compatible almost complex structure, and g(·, ·) = ω(·, J·) the associated Riemannian metric. The universal coveringM 2n of M 2n has the lifted almost Kähler structure (ω,J ,g). Since the fundamental group Γ = π 1 (M 2n ) is infinite which is regarded as the deck transformation group, and acts on the universal coveringM 2n by deck transformation, the lifted almost Kähler structure (ω,J,g) is Γ-invariant [11] .
Let Ω p c (M 2n ) be the space of smooth p-forms onM 2n with compact support. There are natural inner product and norm on it, given by
) be the Hilbert space completion of Ω p c (M 2n ) with respect to this inner product defined by Riemannian metric g. Let ∆g be the Hodge Laplacian operator on (M 2n ,g). Define the space of L 2 -integrable harmonic p-forms on (M 2n ,g) as
3) see [41, 45] .
Proposition 2.1 (cf. J. Dodziuk [24] ,also see [34, 41] ). Let (M 2n , ω) be a 2n-dimensional closed non-elliptically symplectic manifold. Then there exists an almost Kähler structure (ω, J, g) on M , and the universal covering (M 2n ,ω,J,g) is also an almost Kähler manifold. Similar to the compact case, we have Kodaira-Hodge decomposition
where
We can define the analytic p-th L 2 -Betti number by the von Neumann dimension of the finitely generated Hilbert Γ-module H p (2) (M 2n ), see Murray and von Neumann [44] , Atiyah [1] , Pansu [45] and Shubin [46] . Recall that a Hilbert space H with a unitary action of a discrete group Γ is called a Γ-module if H is isomorphic to a Γ-invariant subspace in the space of L 2 -functions on Γ with values in some Hilbert space H. To each Γ-module H, one assigns the von Neumann dimension, also called the Γ-dimension, dim Γ H ∈ [0, +∞], which is a nonnegative real number or +∞. The precise definition is not important for the moment, but the following properties convey the idea of dim Γ H as some kind of size of the "quotient space" H/Γ (see Pansu [45] 
is a decreasing sequence of Γ-invariant subspaces, then 
We now return to the universal covering π : (M 2n ,ω,J ,g) → (M 2n , ω, J, g), where the fundamental group of (M 2n , ω), Γ = π 1 (M 2n ), is infinite which acts on the universal coveringM 2n as a deck transformation. We may choose a fundamental domain F ⊂M 2n for the action Γ, where F is an open subset ofM 2n with boundary ∂F of Hausdorff dimension 2n − 1, such that γ i F ∩ γ j F = ∅ whenever γ i = γ j , andM 2n = γ∈Γ γF (cf. M. Atiyah [1] ). Then we have a decompositionM 2n ∼ = Γ × F up to a subset of measure zero, given by γx → (γ, x) ∈ Γ × F . Let
and the action of
) is a Γ-module. Thus, in terms of heat kernel, we define the analytic p-th L 2 -Betti number as follows (cf. [1, 41, 45, 46] ):
where e −t∆g (x, y) is the heat kernel onM 2n with respect to the metricg. The actual definition involves L 2 cohomology of the universal coveringM of M . Although the main idea is presented in Murray-von Neumann's theory of type II factors [44] , the concept is due to Atiyah [1] and Singer [49] . L 2 -Betti numbers are useful tools for topology, as shown by Cheeger and Gromov [15] , see also Lück [41] .
) be the universal covering, where (M 2n , ω) is a closed symplectic manifold with infinite fundamental group. By Atiyah's Γ-index theorem in [1] , we have the following theorem.
Property (4) above and Theorem 2.2 imply that a positive answer to the Chern-Hopf conjecture would follow from a vanishing theorem for H i (2) (M 2n ) when i = n, and a nonvanishing theorem for H n (2) (M 2n ). The answer is positive for rotationally symmetric metric (cf. Dodziuk [25] ) and symmetric spaces (cf. Borel [7] ).
For non-elliptically Kähler manifolds, we have the following theorem due to Cheng, Jost-Zuo, Gromov ([18, 38, 34] , Kähler hyperbolic case) and CaoXavier, Hitchin ([9, 37] , Kähler parabolic case) . Theorem 2.3. Let (M 2n , ω, J, g J ) be a non-elliptically Kähler manifold of dimension 2n, and (M 2n ,ω,J ,g J ) its universal covering. Then H p (2) (M 2n ) = 0 for p = n. Therefore, for Kähler hyperbolic case
for Kähler parabolic case
Note that the proof of the above theorem is based on the identity [Lω, ∆g] = 0 due to the hard Lefschetz condition of Kähler manifolds. But, in general, non-elliptically almost Kähler manifold (M 2n , ω, J, g J ) is not Kähler.
Let (M 2n , ω) be a closed symplectic manifold. If there is an ω-compatible almost complex structure J which is integrable, then (M 2n , ω, J, g J ) is a Kähler manifold, where g J (·, ·) = ω(·, J·). Also the universal covering π :
We can define Lefschetz maps [31, 63] :
and the induced maps [61] to study symplectically parabolic manifold (M 2n , ω) satisfying hard Lefschetz condition. Based on this, they obtained that if (M 2n , ω) is a symplectically parabolic manifold with hard Lefschetz property, then its signed Euler characteristic satisfies the inequality (−1) n χ(M 2n ) ≥ 0. Note that all solvmanifolds are aspherical, there are many symplectic solvmanifolds with hard Lefschetz property, no Kähler structure, for example, M 6 (c), N 6 (c), P 6 (c), more details see [28] .
In order to investigate non-elliptically symplectic manifolds without hard Lefschetz property, we will use the deformation of almost complex structures to Lipschitz Kähler structures (cf. N. Teleman [58] ). Suppose that (M 2n , ω, J, g J ) is a closed almost Kähler manifold with an infinite fundamental group Γ = π 1 (M 2n ). We will construct a special fundamental domain, F , using Darboux coordinate charts (cf. [42] ), such that the almost complex structure J on F can be deformed to an integrable complex structure J 0 on F , which is also ω-compatible.
Let ρ J be the distance function on M 2n defined by the metric g J . Notice that Darboux's theorem [42] stated that every symplectic form ω on M 2n is locally diffeomorphic to the standard form ω 0 on R 2n , even symplectic forms' germs at a point are isomorphic. For any p ∈ M 2n , by Darboux's theorem, there is a coordinate chart (U p , φ p ), where U p is a neighborhood of p, φ p :
is a homeomorphism such that φ * p ω 0 = ω, and
is the standard symplectic (Kähler) form on R 2n . Let J st be the standard complex structure on C n ∼ = R 2n with complex coordinates z i = x i + √ −1y i , and
that is,
where h is a symmetric J-anti-invariant (2, 0) tensor and g −1 p h is the lifted of h with respect to g p (cf. Blair [6] , also see Tan, Wang, Zhou and Zhu [53, 55] , Donaldson [26] and Kim [39] ).
can be regarded as a fibre bundle over M 2n with discrete fibre Γ. We now construct a special fundamental domain F ⊂M 2n as follows (cf.[1, p.52]). Let {U j },1 ≤ j ≤ N , be a finite open cover of M 2n by Darboux coordinate charts, i.e., there exist homeomorphims
is an open Kähler manifold, where
Note that this open flat Kähler manifold has many connected components, each of them is homeomorphic to an open subset of R 2n ∼ = C n with the standard Kähler structure. We can further assume that the Darboux coordinate charts {U j },1 ≤ j ≤ N , have smooth boundaries, so that F and π(F ) have piecewise smooth boundaries of Hausdorff dimension 2n − 1, ≤ 2n − 1 respectively. On
we have the lifted Kähler structure (ω,J 0 ,g J 0 ). Note that
is a noncompact, piecewise smooth hypersurface inM 2n . Let (M 2n , ω, J, g J ) be a non-elliptically almost Kähler manifold, (M 2n ,ω, J,g J ) the universal covering. Let F ⊂M 2n be a fundamental domain constructed as above using Darboux coordinate charts. ThenF is compact with piecewise smooth boundary of Hausdorff dimension 2n − 1, andM 2n = γ∈Γ γF . Let
Then ( 
. The latter complex structureJ 0 in general has no continuous extension toM 2n .
By equation (2.5), we havẽ
where h is a symmetricJ-anti-invariant (2, 0) tensor. Hence on
, we can construct a family of Γ-invariant almost Kähler structures
Hence, we have a family of Γ-invariant almost Kähler structures (ω,J(t),g(t))
) is a smooth Γ-invariant almost Kähler structure onM 2n ; t = 0,g(0) =g Since (M 2n , ω, J, g J ) is a closed almost Kähler manifold, we can assume without loss of generality that whose sectional curvature K and injectivity radius inj(M 2n ) satisfy |K| ≤ 1 3 , inj(M 2n ) ≥ 3 (cf. [11] ). Similarly, the symmetric J-anti-invariant (2, 0) tensor on U p = B(p, 1) defined in (2.5) is uniformly bounded, where B(p, 1) is unit ball at center p with respect to metric g J . We denote C k norm of h with respect to the metric g J on U p by |h| C k (Up,g J ) . Here
and ∇ 1 g J is the second canonical connection with respect to the metric g J [11, 42, 53, 55] . It is easy to see that
Recall the construction ofg(t), t ∈ [0, 1], by (2.5)-(2.8), we have the following estimates: 9) where C > 1 is a constant. By usingg(t), t ∈ [0, 1], one can define an inner
, with respect to the metricg(t), t ∈ [0, 1] as follows:
where * t is the Hodge star operator with respect to the metricg(t), t ∈ [0, 1] (cf. [11] ). Notice that
if a volume density det(g(t)) defined by the measurable Riemannian metric g(t) is constant, theng(t) is able to be smoothing (cf. Teleman [56] ). In particular,g (0) andg (1) are equivalent Lipschitz Riemannian metrics oñ M 2n (cf. Teleman [58, §3] ). Hence, we can define an inner product on
Thus, by the same reason, we can define L 2 k (t)-norm on Ω p (M 2n ) with respect to the metricg(t) on 
. From Definition 2.4 and (2.9)-(2.10), it is clear that the Sobolev space (1)) is an almost Kähler structure onM 2n , it is not hard to see (1) [20, 41, 46] ). Let H be a Hilbert space and T : dom(T ) → H be a (not necessarily bounded) linear operator defined on a dense linear subspace dom(T ) which is called (initial) domain. We call T closed if its graph gr(T ) {(u, T (u)) : u ∈ dom(T )} ⊂ H × H is closed. We say that S : dom(S) → H is an extension of T and write T ⊂ S if dom(T ) ⊂ dom(S) and S(u) = T (u) holds for all u ∈ dom(T ). We write T = S if dom(T ) = dom(S) and S(u) = T (u). We call T closable if and only if T has a closed extension. Since the intersection of an arbitrary family of closed sets is closed again, a closable unbounded densely defined operator T has a unique minimal closure, also called minimal closed extension, that is, a closed operator T min : dom(T min ) → H which T ⊂ T min such T min ⊂ S holds for any closed extension S of T . Explicitly dom(T min ) consists of elements u ∈ H for which there exist a sequence {u n } n≥0 in dom(T ) and an element v in H satisfying lim n→∞ u n = u and lim n→∞ T (u n ) = v. Then v is uniquely determined by this property and we put T min (u) = v. Equivalently dom(T min ) is the Hilbert space completion of dom(T ) with respect to the inner product
If not stated otherwise we always use the minimal closed extension as the closed extension of a closable unbounded densely defined linear operator.
The adjoint of T is the operator T * : dom(T * ) → H whose domain consists of elements v ∈ H for which there is an element u in H such that u ′ , u H = T (u ′ ), v H holds for all u ′ ∈ dom(T ). Then u is uniquely determined by this property and we put T * (v) = u. Notice that T * may not have a dense domain in general. If T is closable, then T * min = T * and T min = (T * ) * . We call T symmetric if T ⊂ T * and self-adjoint if T = T * . Any self-adjoint operator is necessarily closed and symmetric. A bounded operator T : H → H is always closed and is self-adjoint if and only if it is symmetric. We call T essentially self-adjoint if T min is self-adjoint. The maximal closure T max of T is defined by adjoint of (T * ) min . For any closurē T of T : dom(T ) → H we have T min ⊂T ⊂ T max . Hence if T is essentially self-adjoint, then T min = T max . More details see [1, 20, 41, 46] .
Let E 1 and E 2 be Hermitian vector bundles over a complete Riemannian manifold without boundary. Let D : 
The maximal closure D max of D is defined by the adjoint of (D * ) min . Indeed, for any closureD of D : [1, 20, 41, 46] [52] proved the following result: "If n = 4, any topological n manifold admits a Lipschitz structure. Also, any two Lipschitz structures are equivalent by a homeomorphism isotopic to the identity."
In our case, the underlying manifold (M 2n ,ω,J ,g J ) is smooth. Recall
has Hausdorff dimension 2n − 1 with Lebesgue measure zero, thus
are well defined, where * t is Hodge star operator with respect tog(t), since Ω 
Therefore, it follows from integration by parts that
Therefore, by (2.11), formal adjoint d * t of d is − * t d * t , and (d * t ) * t = d in Hilbert spaces. This completes the proof of Lemma 2.5.
As in classical analysis, one can define Hodge Laplacian: In the remainder of this section, we will consider Kodaira-Hodge decomposition (cf. [34, 41, 46, 54] ). Let α, dα, and Proof. First, we construct a family of cutoff functions a K , K ∈ R + , such that
, and the subsets a −1 K (1) exhaustM 2n as K → +∞ on complete noncompact manifoldM 2n (Γ-manifold). Here, we only give the case on R . Let
, and ψ, ψ ′ and ψ ′′ are all bounded. Finally, for
Since ψ ′ is bounded, we see that
Since ψ, ψ ′ and ψ ′′ are bounded, we have |a ′′
and
, and
.
Since
and the subsets a
On the other hand,
As K → +∞,
Therefore, dα, dα g(t) = 0, that is, dα = 0 = d * t α in the sense of distributions. We complete the proof of Lemma 2.6.
Let L 2 Ω p (M 2n )(t) be L 2 -space of p-forms onM 2n with respect to the metricg(t), 0 ≤ p ≤ 2n, t ∈ [0, 1]. By Lemma 2.6, we have Kodaira-Hodge decomposition
c (M 2n )(t) with respect to L 2 (t)-norm respectively. For Hodge theory on non-compact smooth manifolds, see J. Dodziuk [24] , M. Gromov [34] and N. Hitchin [37] . See also N. Teleman [57, 58] for Hodge theory on closed PL manifolds or Lipschitz Riemannian manifolds.
Sinceg (1) is smooth onM 2n , it is clear that
∀t ∈ [0, 1),g(t) is smooth on
smooth of Hausdorff dimension 2n − 1 with Lebesgue measure zero and
for a nonnegative integer k be the k-th Sobolev space of p-forms onM 2n (see (2.10)), that is, the Hilbert square completion of Ω p c (M 2n ) with respect to the inner product or norm induced by Γ-measurable Riemannian metricg(t) which is equivalent to the following definition.
Hence, one can define a Hilbert Γ-cochain complex L 2 l− * Ω * (M 2n )(t) as follows (cf. [1, 8, 41, 46] 
It is easy to see that
More details see Lück [41, Chapter 1] . In summary, we have the following theorem.
Theorem 2.7. Let (M 2n , ω, J, g J ) be a closed almost Kähler manifold with infinite fundamental group Γ π 1 (M 2n ). Let (M 2n ,ω,J ,g J ) be the universal covering of (M 2n , ω, J, g J ). Suppose that F is a fundamental domain such thatM
On
• M 2n we can construct a family of Γ-invariantω-compatible almost complex structuresJ(t), t ∈ [0, 1], such thatJ(1) =J,g(t) =ω(·,J (t)) on
• M 2n andg(1) =g J is smooth onM 2n . We have Kodaira-Hodge decomposition
Notice that N. Teleman pointed out that in contrast with the smooth case, H Finally, we consider even dimensional closed Riemannian manifolds with nonpositive (resp. strictly negative) sectional curvature. If (M 2n , g) is a 2n-dimensional closed Riemannian manifold with nonpositive (resp. strictly negative) sectional curvature, then the universal covering π : (M 2n ,g) → (M 2n , g) is a complete simply connected manifold with deck transformation group Γ = π 1 (M 2n ). It is easy to see that, by Cartan-Hadamard theorem, there is a diffeomorphism Φ :M 2n → R 2n ∼ = C n (cf. Aubin [4] or Chavel [11] ). Suppose ω 0 is the standard Kähler form on C n , thenω = Φ * ω 0 is a symplectic form onM 2n . Byω andg, we can define an almost complex structureJ(g) which isω-compatible andg-compatible, andg(·, ·) =ω(·,J (g)·) (cf. McDuff-Salamon [42] or Tan-Wang-Zhou [53] ). Notice thatg is a Γ-invariant Riemannian metric onM 2n , but, in general,ω andJ(g) are not Γ-invariant. It is easy to get that volume form dvolg =ω n n! is Γ-invariant. Notice that every symplectic form ω on M 2n is locally diffeomorphic to the standard form ω 0 on R 2n [42] .
As done in the before, we may construct an almost Kähler structure on the open submanifold
is Γ-invariant almost Kähler structure on
• M 2n . Notice thatg ′ =g is a smooth metric onM 2n sinceg is Γ-invariant.
As done in the before,M 2n has a Lipschitz Kähler structure (ω,J 0 ,g 0 ) which is homotopy equivalent to the almost Kähler structure (ω,J(g),g). Similarly, onM 2n , Γ-invariant measurable almost Kähler structure is Γ-homotopy equivalent to Γ-invariant Lipschitz Kähler structure (ω ′ ,J ′ 0 ,g ′ 0 ).
) is a 2n-dimensional closed Riemannian manifold with strictly negative sectional curvature, then the universal covering (M 2n ,g) of (M 2n , g) has an almost Kähler structure (ω,J (g),g), whereω is d(bounded) (cf. M. Gromov [34, 0 .1B] or [33] ). If (M 2n , g) is a 2n-dimensional closed Riemannian manifold with nonpositive sectional curvature, then the universal covering (M 2n ,g) of (M 2n , g) has an almost Kähler structure (ω,J(g),g), whereω is d(sublinear) (cf. Cao-Xavier [9, Theorem 1] or Jost-Zuo [38] ).
In summary, we have the following theorem.
Theorem 2.8. Suppose that (M 2n , g) is a 2n-dimensional Riemannian manifold with strictly negative (resp. nonpositive) sectional curvature. Then (1) there is an almost Kähler structure (ω,J (g),g) on the universal covering
, without loss of generality we may assume that (ω,J(g),g) is Γ-invariant, wherẽ
has Hausdorff dimension 2n − 1 with Lebesgue measure zero; (2) there is a Lipschitz Kähler structure (ω,J 0 ,g 0 ) onM 2n which is Γ-homotopy equivalent to the almost Kähler structure (ω,J(g),g) onM 2n ; (3) if (M 2n , g) has strictly negative sectional curvature, thenω is d(bounded) onM 2n ; if (M 2n , g) has nonpositive sectional curvature, thenω is d(sublinear) onM 2n .
Remark 2.9. By Theorem 2.8, similar to Theorem 2.7, we have KodairaHodge decomposition for 2n-dimensional closed Riemannian manifolds with nonpositive (resp. strictly negative) sectional curvature. Sinceg is Γ = π 1 (M 2n ) invariant, then so are * g, d * = − * g d * g and ∆g = d * d + dd * onM 2n . Thus ker ∆g is also Γ invariant, it implies that Γ-dimensions of H p (2) (M 2n ,g), 0 ≤ p ≤ 2n, are well defined. Sinceg is Γ-invariant, by the construction of (ω ′ ,J ′ (g),g ′ ), we may assume that (ω,J (g),g) is Γ-invariant
Vanishing of L 2 -Betti numbers of symplectically parabolic manifolds
For non-elliptically Kähler manifolds, we have a vanishing theorem due to Gromov ([34] , Kähler hyperbolic case) and Hitchin ([37] , Kähler parabolic case). Notice that the proof of the vanishing theorem is based on the identity [Lω, ∆g] = 0 due to the hard Lefschetz condition of Kähler manifolds. But, in general, non-elliptically almost Kähler manifold (M 2n , ω, J, g J ) is not Kähler. R. Hind and A. Tomassini [35] have the following result.
Example 3.1. By using methods of contact geometry, starting with a contact manifold M having an exact symplectic filling, they constructed
But the Lefschetz maps
may not be injective and surjective. Suppose that a 2n-dimensional closed almost Kähler manifold (
, C is a positive constant,ρ 1 is a distance function defined byg J . Whereρ 1 is the infimum of the lengths of all piecewise smooth curves starting from x 0 and ending at x with respect to Riemannian metricg J (cf. [11, 23] ). It is clear that the distanceρ 1 is Γ-invariant sinceg J is Γ-invariant. In order to prove Theorem 1.7, as done in Kähler case, we need making a suitable choice of the Lipschitz flat Kähler structure which is homotopy equivalent to (ω,J ,g J ) such that the Lefschetz maps
(M 2n ,g J ), 0 < p ≤ n are injective and surjective.
As done in Section 2, construct a special open fundamental domain F , such thatM 2n = γ∈Γ γF ,
∂F is piecewise smooth of Hausdorff dimension 2n − 1. On
• M 2n make a deformation ofω-compatible almost complex structuresJ t such thatJ 1 =J,
, t ∈ (0, 1), is the Γ-measurable almost Kähler metric onM 2n ; t = 1,g(1) =g J is Γ-smooth almost Kähler metric; t = 0,g(0) is Γ-Lipschitz flat Kähler metric onM 2n . By Theorem 2.7 we have Kodaira-Hodge decomposition: 
Then (ω, J(t), g(t)) is an almost Kähler structure on π(
Obviously, in some sense, (ω, J(t), g(t)) can be extended to M 2n . For t ∈ (0, 1), (ω, J(t), g(t)) is a measurable almost Kähler Therefore, by the definition of measurable almost Kähler structure (ω, J(t), g(t)), t ∈ [0, 1], on M 2n , it is easy to see that (ω,J(t),g(t)) = π * (ω, J(t), g(t)), t ∈ [0, 1], can be regarded as Γ-invariant measurable almost Kähler metric onM 2n ; (ω,J(1),g(1)) = (ω,J ,g J ) is a smooth Γ-invariant almost Kähler metric onM 2n ; (ω,J (0),g (0)) is a Γ-invariant Lipschitz flat Kähler metric onM 2n .
As the construction above, for a closed almost Kähler manifold (M 2n , ω, J, g J ), by Darboux's coordinate charts, we get a Lipschitz flat Kähler structure (ω, J 0 , g 0 ) on the closed manifold M 2n which is homotopic to almost Kähler structure (ω, J, g J ). D. Sullivan [52] had pointed out that on any Lipschitz manifold L 2 -forms, exterior derivative and currents may be defined; all these objects are basic for the Hodge theory. In this construction, results due to H. Whitney [62] are involved. We have the following theorem. 
(2) the Hodge homomorphisms
are isomorphisms.
Notice that Hilbert Γ-cochain complexes
are Γ-homotopy equivalent. Since L 2 -Betti numbers are Γ-equivariant homotopy invariants (cf. [8, 15, 24] ), we have
By Atiyah's Γ-index theorem (cf. [1] , also see Theorem 2.2), we have
(1) D. Sullivan [51] discovered that any topological manifold of dimension n = 4 admits a unique Lipschitz structure up to homeomorphisms close to the identity. S. K. Donaldson and D. Sullivan [27] proved a result as follows: There are topological 4-manifolds which do not admit any Lipschitz structure.
(2) N. Teleman [58] showed that the index of signature operators (that are Dirac operators d + d * if underlying manifolds are of dimension 4m) on Lipschitz manifolds are topological invariants.
(3) Suppose that (M 2n , g) is a 2n-dimensional closed Riemannian manifold with nonpositive (resp. strictly negative) sectional curvature. Then for the universal coveringM 2n of M 2n , there exists an almost Kähler structure (ω,J(g),g) onM 2n , whereg is Γ = π 1 (M 2n ) invariant, andω is d(sublinear) (resp. d(bounded)). As done in the before, by Theorem 2.8 and Remark 2.9, formulae (3.3)-(3.8) hold too.
By our construction, (M 2n ,ω,J(0),g (0)) is a Γ-Lipschitz flat Kähler manifold. One can define Lefschetz maps (cf. [31, 63] )
It is not hard to see that
in the distributional sense. By(3.9), we have the following proposition.
is an isomorphism.
Proof. This proposition is a direct consequence of the following lemma. 
are injective on harmonic forms for 2p+2k ≤ 2n and surjective for 2p+2k ≥ 2n.
Remark 3.6. This property is called hard Lefschetz condition (cf. [31] ). In fact, b [34, 41, 46] ). Since Lipschitz Kähler structure is of hard Lefschetz condition, it is natural to ask the following question:
For any aspherical manifold of even dimension, does there exist a Lipschitz Kähler structure?
As done in Kähler case, we have the following vanishing theorem. [34] ) Suppose that (M 2n , ω, J, g J ) is a closed symplectically parabolic manifold of dimension 2n and (M 2n ,ω,J,g J ) is its universal covering. Let (M 2n ,ω,J(t),g(t)) be the deformation constructed in Section 2, where (M 2n ,ω,J (1),g(1)) = (M 2n ,ω,J,g J ) is Γ-almost Kähler manifold and
, whereρ 1 is a distance function defined bỹ g J and C is a positive constant. Let B K be the ball inM 2n with center x 0 and radius K. Take a smooth function a K :M 2n → R + (defined in Section 2) with
By Theorem 3.7 and Atiyah's Γ-index theorem (cf. [1] , also see Theorem 2.2), we obtain the following result.
Theorem 3.9. Suppose that (M 2n , ω, J, g J ) is symplectically parabolic. Then
The above theorem 3.9 gives the second part of Theorem 1.7.
Symplectically hyperbolic manifolds
In this section, we will study a non-vanishing theorem for L 2 -cohomology. Suppose that (M 2n , ω, J, g J ) is symplectically hyperbolic. Let
be the universal covering of (M 2n , ω, J, g J ). As done in Section 2 and 3, construct a familyω-compatible almost complex structuresJ(t), 
Proof. Let α be a p-form, p = n. We prove that α, α g(0) ≤ C ∆ 0 α, α g(0) . Eventually replacing α by * g (0) α, we can assume that p < n. Since d * 0 = − * 0 d * 0 is a formal adjoint operator of d with respect tog(0) in the distributional sense, ∆ 0 = dd * 0 + d * 0 d is essentially self adjoint elliptic operator onM 2n . We use equality
and the fact that wedging withω in degrees < n is an isomorphic injection (see Lemma 3.5). Write
Since by (4.1), dα, dα g(0) ≤ ∆ 0 α, α g(0) (4.2) and
here we use the following identities:
We complete the proof of Proposition 4.1.
Remark 4.2. (1) On
• M 2n , we define the second canonical connection ∇ 1 t with respect to the metricg(t),
We assume that without loss of generality that
where ∀α ∈ L 2 Ω p (M 2n )(0), p = n and λ 0 > 0. Sinceω = dβ, β is a bounded 1-form onM 2n , we may assume that ω is Chern class of a trivial complex line bundleL overM 2n , orω can be regarded as the curvature of the connection d+ √ −1β onL ∼ =M 2n ×C. S. K. Donaldson gave an approach [26, p.667] : for a general symplectic manifold (M, ω) is to choose a compatible almost complex structure J on M , and then to extend familiar results about positive line bundles suitably formulated to the almost complex case. Hence, we can assume that de Rham cohomology class [
SinceL is trivial and β is bounded, formally we define For details, see M. Gromov [34, Chapter 2] , also see P. Pansu [45] . Notice that locally compact Lie group G k is unimodular [23, p.59] . By the construction we have an exact sequence
(4.6)
The exact sequence (4.6) is called a central co-extension of Γ by U (1) [23, p.86] . Since sections of the line bundleM 2n ⊗ C →M 2n can be viewed as U (1) equivariant functions onM 2n ⊗ U (1), the operator D ⊗ ∇ (k) can be viewed as a G k invariant operator on the Hilbert space H of U (1) equivariant basic L 2 -differential forms onM 2n ⊗ C. One can define a projective von Neumann dimension for G k -invariant subspace in a projective representative, and state G k -index theorem (that is a local index theorem which gives the "index per unit volume" of the Dirac operator in the question) (cf. [5, 41, 45] The proof of Theorem 4.4 follows from the heat equation method of M. Atiyah, R. Bott and V. Patodi [2] . For details, see [5, 45] . In Theorem 4.4, the index is a polynomial in Therefore, by Theorem 3.9 and Theorem 4.8, we obtain our main result Theorem 1.7. Remark 4.9. As done in almost Kähler case, by Theorem 2.8, Remark 2.9 and Remark 3.3, for 2n-dimensional closed Riemannian manifolds with nonpositive sectional curvature (resp. strictly negative sectional curvature), there is also a vanishing theorem (resp. a non-vanishing theorem) for L 2 -cohomology (see Theorem 3.7 and Corollary 4.7). Therefore, Theorem 1.9 is regarded as a direct consequence of Theorem 1.7.
If (M 2n , g) is a 2n-dimensional closed Riemannian manifold with nonpositive sectional curvature, then there exists an almost Kähler structure (ω,J(g),g) on the universal coveringM 2n ofM 2n , whereg = π * g andω is d(sublinear) symplectic form onM 2n . It is similar to Theorem 3.7 and Remark 3.8, we have the vanishing theorem for L 2 harmonic p-forms (p = n).
If (M 2n , g) is a 2n-dimensional closed Riemannian manifold with strictly negative sectional curvature, then there exists an almost Kähler structure (ω,J(g),g) on the universal coveringM 2n of M 2n , whereg = π * g andω is d(bounded) symplectic form. It is similar to Theorem 4.4, for operator D ⊗ ∇ (k) , the local G k -index theorem is expressed as follows:
The above index is a polynomial in 1 k whose highest degree form is
where π * ω | F is a symplectic form on π(F ), it can be extended to M 2n which is a d-closed 2-form in the sense of distributions and [π * ω | F ] denotes an equivalence class of π * ω | F . Here M 2n \π(F ) has Lebesgue measure zero. Therefore, we get a non-vanishing theorem for L 2 harmonic n-forms.
